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CONFORMAL TRANSFORMATIONS OF PERIOD n AND GROUPS 
GENERATED BY THEM.* 

By Harry Langman. 

Introduction. 

Professor Kasnerf has discussed the characteristics of groups of trans- 
formations generated by conformal transformations of period 2. He con- 
sidered both the " direct " and what he terms " reverse," or " improper " 
transformations. The former type may be represented in the form 
Z = f(z), where f(z) is analytic at the origin, and converts it into itself. 
The latter type, termed a " symmetry," may be represented in the form 
Z = f(zo), where zo is the conjugate of z. 

In discussing direct transformations, Professor Kasner utilizes the im- 
plicit form 

Z + z = d 2 (Z - zf + di(Z - z) 4 + 

which includes every transformation of period 2, and every solution of 
which, for arbitrary values of the coefficients d, yields a transformation of 
period 2. In considering the conditions under which a given transformation 

Z = Ciz + Csjs 2 + Czz 3 + •• • 

can be factored as the product of two transformations of period 2, Kasner 
obtains the condition c$ — c\ = 0, besides the obvious condition Ci = 1. 
If d = 0, further conditions must be satisfied. 

In the case of reverse transformations, the given transformation can 
always be factored into two " symmetries "if |ci| = 1, and the angle of Ci 
is incommensurable with w. If the latter condition is not satisfied, then 
the given transformation can in any case be factored into four symmetries. 

It is the purpose of this paper to generalize the results obtained by 
Kasner to include transformations of period n. In the case of direct trans- 
formations, it is remarkable that no such necessary condition as that 
obtained by Kasner upon the coefficients following the first is found neces- 
sary for factorization into transformations of periods greater than 2. In 
the case ci = 1 there is, however, a non-zero relation between the coefficients 
immediately following the first in the given transformation and the period 
of the factor transformations (the periods of the latter then being neces- 

* Presented to the American Mathematical Society December 23, 1920. 
t "Infinite Groups Generated by Conformal Transformations of Period 2 (Involutions 
and Symmetries)," American Journal of Mathematics, XXXVIII, 2, 1916. 

54 



Langman: Conformal Transformations of Period n. 55 

sarily equal) . In any case, this condition can be obviated by either changing 
the period of the factor transformations or factoring into three transforma- 
tions of given period. The complete result is given in Theorem VI. 

In the case of reverse conformal transformations, it will be shown that 
all such transformations are of irreducible period 2; therefore no others 
exist than those discussed by Kasner. 

The parametric form utilized for transformations of regular period is a 
general solution of Babbage's equation,* and the reduction to the form 
/ = <p~ l e<p yields ipf = e<p, a special case of Schroder's equation. f 

In the following discussion, the terms function and transformation are 
used interchangeably, and questions of convergence are not gone into, the 
analysis being purely formal. 

Preliminary Discussion; Parametric Form of Periodic 
Transformations. 
1. Let/(z) be defined by 

/(*) = A l2 + X 2 z 2 + X32 3 + •••, (1) 

where Xi 7^ 0. We may introduce the notation 

/i(a) = /(»), . /f i(a) = flf^)J, * = 1,- 2, 3, ■ ■ ■ . (2) 

Assuming the transformation defined by (1) to be of period n, we have 

fn(z) = z, f kn+s (z) = /.(a); k = 1, 2, 3, • • •. (3) 

We have obviously 

Xi' = 1. (4) 

If in (1) we choose Xi = 1, we have 

f n (z) = z + n\zz 2 + •••; 

hence we must have X2 = 0. Similarly, all the other coefficients vanish. 
Hence we have 

Theorem I. If the transformation 

Xi2 + X 2 2 2 + X 3 2 3 + • • • 

be of period n, we must have X* = 1; if Xi = 1, the transformation reduces 
to identity. 

* S. Pincherle: "Functional Equations and Operations," Encykhpadie d. Math. Wiss., 
II, A 11, and Encychpedie d. Sci. Math., II, 26. Also O. Rausenberger, "Lehrbuch der 
Theorie der periodischen Funktionen," Leipzig, 1884, p. 162; A. A. Bennett, "The Iteration 
of Functions of One Variable," Annals of Math., 2d series, 17 (1915). 

t Ibid. In our case « is taken so that e" = 1. G. A. Pfeiffer, Trans. Am. Math. Soc, 
XVIII, 2, pp. 185-198, considers the complementary case, |e| =1 with incommensurable 
angle, and discusses the convergence and divergence of the solutions obtained. 
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2. Assuming (1) to be of period n, we may write it in the form 

M = €2 + X 2 2 2 + \ 3 z s +■■•;' e" = 1. (5) 

Suppose now € not a primitive root of e n = 1. Suppose € a primitive root 
of e m = 1. Then rm = n, where r > 1. Denoting /„(z) by g(z), we have 

0r(z) = /rm(z) = Z- 

We have obviously gr(z) = e m 2 + • • • ; hence, by Theorem I, 

9(Z) = fm(z) = Z. 

Hence the transformation (5) is of period m. We have then 

Theorem II. If a periodic transformation be expressed in the form 

ez + X 2 z 2 + X 3 z 3 + • • • , 

where 

e m = 1; 

then the transformation is of period m* 

Hence in the form (5) we may conveniently restrict ourselves to the 
case where e is a primitive root of e™ = 1. In the following discussion, we 
shall presume this to be the case. 

3. Suppose we consider the n variables zi, z 2 , ■ • • , z n , between which 
we have the n — 1 relations 

z t+1 =f(z t ); t= 1, 2, ••.,»- 1, (6) 

where 

/(*) = €2 + X 2 2 2 + X3Z 3 + -.., (7) 

e being a primitive nth. root of unity. We may introduce the linear sub- 
stitution 

z t = e'xi + e 2 % + • • • + e si x s + • • • + e nt x n ; t = 1, 2, ■■■, n. (8) 

This is reversible; we "have 

Xs = ~ (e- s 2! + €-^22 H h € _(S 2 ( + h €-" S 2 n ) J * = 1, 2, ■ • • , 71. (9) 

By means of (6) and (7), each variable 2 can be expressed formally as a 
power series in 21. We have 

z t = e'-hi + ■ • ■ ; t=2,3,---,n. (10) 



* If (5) take the form 

f(z) =65+XrfM , 

we obtain 

Mz) = e n Z + « n_1 X,Cl + « r_1 + e 2 <"-» + • • • + e(»-«<'~»>'- + • • •. 

Hence if r — 1 =0 (mod n), we must have X r = 0. Hence the next coefficient to appear 
after the first cannot be of order kn -\- \. 
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From (9), then, 

x x = €'%+ ■■■. (11) 

From (11), we have zi expressible as a power series in xi. Hence from (10) 
each 2 is so expressible. From (9), then, each x can be expanded formally 
as a power series in x\ with coefficients uniquely determined in terms of 
those of / in (7) . We may then write 

x $ = A s , txi + A s , 2 x 2 i + • • • + A s , r x\ + • • • ; s = 2, 3, • • •, n. (12) 

Hence the n — 1 relations (6) among the variables 2 may be replaced by 
the re — 1 implicit relations (12) where each variable x is expressed in terms 
of the variables 2 in the form (9). If 2 2 is defined in terms of 2i in the form 
(7), then we may introduce the additional variables 23, 24, • ■ •, z„, similarly 
defined; hence 22 may be defined in terms of 21 in the implicit form (12), 
involving the elimination of the additional variables 23, 24, • • • , z n - 

4. Suppose now the transformation defined by (7) to be of period re. 
Then, since z t = f t -i(zi), 

Zn+l = fn(Zl) = 3i= /(2„). (13) 

Using the substitution (8), we have then the following re relations between 
the variables x: 



€ 2 *1 + • • 


■ + e 2s Xs + h e 2n x n 

= f(exi + • • • + e s x s + • • • + e n x n ), 




€ t+1 X! + 


h 6 s «+»x 3 H h e n « + »x h 






= /(e'zi + • • • + e si x s + ■■■ + e nt x n ), 


(14) 


€ n X! + ■ ■ 


■ + e sn x s + ■■■ + e nn x n 

■ = fi^- 1 *! + h e 8 '"- 1 ^, + h e n < n -»Xn), 




ext+ ■■■ 


■ + ( 8 X S + ••• + e n x n 

= f(e n Xi + 1- e n X s + \- € nn X n ). 





From the previous discussion, we note that the first re — 1 of equations 
(14) will yield unique expansions in power series of x\ in the form (12) for 
the variables xi, x%, • • ■ , x n . We may represent the relations (12) in the 
following notation: 

x s = 6 s (xi); s = 2, 3, ••'-,«. (15) 

If we now introduce in (14) the substitution 

x s = e 8 y s ; s = 1, 2, • • ■ , n, (16) 

equations (15) become 

y* = <r%{eyi); s = 2, 3, ■■•,». (17) 
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We should observe, however, that the last n — 1 equations of (14) also 
yield definite power series in x\ for the other variables x and that these must 
be identical with the relations (15). But on introducing the quantities y 
in the first n — 1 equations of (14), in the form (16), we observe that the 
relations between the variables y are identical with those between the 
corresponding variables x in the last re — 1 equations of (14). Hence the 
relations between the variables y must be the same as those between the 
corresponding variables x. Hence we have 

y s = O t (yi); s = 2, 3, • • •, re. (18) 

These of course must be consistent with (17). Hence 

Uyi) = e~%(eyi); s = 2, 3, • • -, re. (19) 

Replacing t/i in (19) successively by eyi, we obtain, on dropping the sub- 
script, 

6,(3,) = e-"O t (Jy) ; s = 2, 3, • • • ; t = 1, 2, 3, • • • . (20) 

From the form (12), (20) may be written 

Uy) = «" te E ^-A., r-y r ; s = 2, 3, • • •, re; t = 1, 2, 3, • • •. (21) 

Letting t assume the range of values* 1 to re in (21), and adding the resulting 
series, we obtain the form 

e s (y) = A s , s y* + A s , s+n y s+n + A s ,.s+2nf +in + '•••;■ * = 2, 3, • • •, re. (22) 

From the form of the series (22) we observe that the double subscripts 
are not now necessary. We may then write the series (15) in the form 

Xi = a 2 x\ + a n+2 a;' 1 ' +2 + a in+2 x\ n+i + ■■-, 
x 3 = a&l + o„ +3 Xi +3 + a 2n+z x 2 i n+3 + • • • , 

(23) 
x s = a s x{ + a n+s x\ +s + a 2 „+ s :ri n+s + • • • , 



%n — a n X\ -\- a^nXj 71 -\- aznX'i -)-•••. 

Replacing the variables x in (23) f by the corresponding expressions in 
the variables 2 from (9), we have then re — 1 implicit relations among those 
variables in place of the re — 1 direct relations (6). 

5. If we now write 

- (e-hti + 6-' 2 2 2 + ... + e -%+ ■■■ + e- n zn) = r, (24) 

n 



* This is equivalent to permuting the substitution (16) in equations (14). 
f These equations have already been obtained by Bennett, loc. cit. 
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equations (23) may be written 

- (€-%i+ <r 4 z 2 + ■■■+ e~ 2 %+ ■■■+ e~ 2n z n ) = a 2 r 2 +a n+2 r n + 2 + ■■■, 



n 
> 

- (€- s 2l + €- 2s s 2 + ■■■ + (-'%+■■■ + (~ ns Zn) = a s r* + a n+s r n +° + • • • , (25) 
n 

> 

- (e- n Z!+e- 2n Z2-\ \-t~ in z^ \-e- nn z n ) = a n r n +a 2n r 2nJ i . 

n 

Multiplying equations (24) and (25) seriatim by e\ e 2t , •••, e s( , •••, e nt , 
and adding, we obtain 

z t = e'r- + € 2t (a 2 r 2 + a n+2 r n+2 + • • •) 

+ 

+ e st (a s r° + a^ s r n +° + • • •) (26) 

+ 

+ e nt (a n r n + a 2n r 2n + •••), 

for all values of t from 1 to n. If we now define the function <p by 

*(*) = z+EZ a kn+r+J .z k »+r+\ (27) 

equations (26) take the form 

z t =<p(e t r); t = 1, 2, ■ ■ ■ , n. (28) 

In particular, 

gl = <p(er), z 2 = <p{<?r), (29) 

which are equivalent to 

ai = *>(r), 22 = <p(er), (29') 

defining 2 2 as a function of Z\ in terms of the parameter r. Furthermore, 
every pair of equations (28) determines either 2 uniquely as an integral 
power series in the other with coefficients expressible as polynomials in the 
coefficients a in (27) of the same and lower orders. This is obviously also 
true if instead of <p as defined by (27) we use the more general form 

*(r) = r + £ a t rK (30) 

(=2 

6. From the form of equations (28) we observe that if for an arbitrary 
set of coefficients a we obtain 2 2 = /(21), we must also have 23 = f(z 2 ), etc. 
Hence z n+ i = f(z n ). But 21 = 2 n+ i = 2 2n +i, etc. Hence 21 = f(z n ), from 
which f n (z) = 2. Hence f(z) i§ of period n. Furthermore, if z a and 2^ 
be any two of the 2's defined by (28), either is expressible as a periodic 
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function of the other. If [ a — /3 [ is prime to n, the order is also n. If 
only equations (29) are given, or the corresponding equations with \p 
instead of <p, the remaining z's may be introduced in the form (28), yielding 
Z2 as a function of zi of period n. Hence we have 

Theorem III. Every transformation of period n, y = f(z), can be put 
uniquely into the form 

z = <p(r), y = <p(er); e n = 1, 
where 

<p(r) = r + £ £ a kn+t+1 r kn + i + l ; 

and every solution of these equations for arbitrary values of the coefficients 
defines y = f(z) uniquely as a transformation of period n. 

In other words, a necessary and sufficient condition for y = f(z) to be a 
transformation of period n is that it be a solution of equations of the form 
z = <P(r), y = ?(«•).* 

Hence the two forms are equivalent, and we may conveniently confine 
our attention to the inclusive form (29'). 

7. If the transformation (5) result from the elimination of r between 
the equations (29'), then we obtain 

X« = (e ( — e)a t + (polynomial in X's and a's of order < t), 

which can obviously be put into the form 

X« = (e t — e)a t + (polynomial in a's of order < t). (31) 

The quantities a in (31) are arbitrary. For each new X ( , where t is not of 
the form kn + 1, a new arbitrary a t is introduced. Furthermore, each a 
can be expressed as a polynomial in X's of corresponding and lower orders. 
Hence the X's in (5) of orders not of the form kn + 1 can be taken arbi- 
trarily, the remaining X's being then determined necessarily in the form 

Xjfc n+ i = RkQ^kn, Xin— 1, • • •)> k = 1, 2, • • • , (32) 

where the R's are rational integral functions. Hence we have 
Theorem IV. If 

y=ez+ X 2 z 2 + • • • ; e n = 1 

be a transformation of period n, all coefficients of orders not of the form kn + 1 

* If n = 2, e = - 1, and equations (27) and (29') yield z x = r + a^ + an* + ■ • -, 
2 2 = — r + a^r 2 + c^r 4 + • • • , from which 



Z2 +Zl 

2 
the form utilized by Kasner. 



(zz — 2i\ 2 , (Zz — Zi\ 4 
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may be taken arbitrarily, the remaining coefficients being determined as neces- 
sary rational integral functions of the coefficients of lower order. 

In other words, k(n — 1) out of the kn coefficients following the first 
may be taken arbitrarily. 

The relations (32) are then necessary and sufficient for the transforma- 
tion (5) to be of period n. If now, instead of (29'), we define the relation 
y = f(z) in the form 

* = *(r), ? = *(«■), (33) 

where if/ has the form (30), then/ is also of period n. In other words, (33) 
is no more general than (29'). In this case too the relations (31) will not 
yield expressions in X's for the a's of order kn + 1. On the other hand, the 
X's of order kn + 1 will be expressed in terms of a's of order k'n + 1, 
k' < k, as well as the other a's. But since the relations (32) between the 
X's are necessary, it follows that the a's of order k'n + 1 will be automatically 
eliminated on eliminating the remaining a's from the expressions for \kn+i 
and the X's of lower order. 

Hence, as already observed, any two equations z a = <p(e a r) and 
Zp = <p(e p r), of (28), or the corresponding equations with \f/ instead of <p, 
determine either z as a periodic function of the other. The period is the 
quotient between n and the greatest common divisor of n and | a — fi \ . 

8. If the function 

f(z) = Xiz + X 2 z 2 + • • • (34) 

result from the relation 

f(z) = g->£eg(z)l; e n = 1, (35) 

where 

g(z) = A lZ + A 2 z 2 + ■■■; A x ^0, (36) 

then f(z) is obviously of period n. We shall now show that every periodic 
transformation f(z) can be expressed in the form (35).* 

Suppose / is given where, symbolically, /" = 1. We inquire now 
whether g can always be found so as to satisfy (35). This condition is 
equivalent to 

£/(*)] = *g(*). (37) 

It is to be observed that, whether we obtain/ when g is given, or g when/ is 
given, the same set of formal identities obtained by equating the coefficients 
of like powers of z in (37) must be considered. These take the form 

AXi = eA u .4 iX 2 + A 2 e 2 = eA 2 , 
Ai\ t + 2^ 2 «X,_ 1 + • • • + A t S = eA t , ■•-. {M) 

We observe that A\ may be taken arbitrarily subject, of course, to the 

* Cf. S. Pincherle, O. Rausenberger and A. A. Bennett, loc. cit. 
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condition Ai 9^ 0. We have Xi = e. Furthermore, each coefficient A t , 
t < n-\- 1, is expressed as A\ (polynomial in X's). Hence we have X n+ i 
expressed as a necessary rational integral function of X's of lower order. 
Similarly, X's of order kn 4- 1 are expressed as rational integral functions 
of lower X's and of arbitrary A's of order k'n + 1, k' < k. But since every 
solution /(z) where g(z) in (35) is given is of period n, we have then a set of 
necessary conditions for the coefficients X of order kn 4- 1 of the form (32) . 
Hence on eliminating the coefficients A of orders other than those of the 
form kn 4- 1 from the expressions for X» n +i and X's of lower order, the 
coefficients A k - n +\ (k' < k) must be eliminated automatically, the resulting 
conditions being identical with those represented by (32). 

Furthermore, if (34) is given, we can find a function g(z) consistent with 
(35) only if the same set of conditions (32) are satisfied between the coeffi- 
cients X. But as just seen these conditions are none other than those 
necessary for/(z) to be a periodic transformation of order n. Hence every 
transformation (34) of order n can be expressed in the form (35). Further- 
more, given g, f results uniquely, but not vice versa, since the coefficients 
of form Akn+i may be taken arbitrarily, subject to the single restriction 
A\ 9^ 0. Hence we may conveniently choose 

Ai'= 1, A kn+1 = 0; k= 1, 2, •••, 

from which g takes the form 

9(z) = ^ + E E A kn+r+1 z k "+r+\ (39) 

4=0 r=l 

in which case, from the form of equations (38), each coefficient A is deter- 
mined uniquely in terms of the coefficients X of the given transformation 
(34) . Hence we have 

Theorem V. Every transformation of the form 

/(*) = fl^lX?)], *"=!» 
■where 

g(z) = Aiz + A 2 z 2 + ■■■; A t 9*0, 

is of period n, and every transformation f(z) of period n may be expressed in 
the form g~ l [eg{z)~\; furthermore, if we choose 

Ai=l, A kn+ i = 0; k=l, 2, •••, 

the function g(z) corresponds uniquely to f(z) . 

In other words, every periodic transformation is conformally reducible 
to the form Y = eZ, a rotation about the origin through the angle 2irjn* 

It is interesting to compare the functions <p and g in (27) and (39). 

Obviously each corresponds uniquely to the other and either may be used 

in place of the other or its inverse in the above equations. 

* A simple example of a periodic transformation is obtained by taking g(z) = z/(z — 1), 
from which /(z) = «/[(« - \)z + 1]. 
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9. The method followed in the preceding discussion will enable us to 
write down readily the general solutions of some special additional functional 
equations. Suppose / given, where /" = 1, and it is required to find g 
where, symbolically, g m = /.* We may anticipate the number of arbitrary 
coefficients involved in the general solution. In that for g mn = 1, out of 
tmn coefficients following the first a proportion of {ran — \)jmn may be 
taken arbitrary. For f n = 1, the proportion (n — l)/n are arbitrary. 
Having assigned /, the proportion still remaining arbitrary is 

mn — 1 n — 1 to — 1 



mn n mn 

Suppose / = (p^eip, where e n = 1, and suppose h the general solution of 
k m = 6. Then g = (p~ x h<p is the general solution of g m = f. We have then 
to consider the functional equation h m = e. 

Let u> m = e; then co mn = 1. Putting mn for n and co for e in (3) we 
observe that z km+s = e k z s for all values of k and s. Equation (24) becomes 

— (C0 _1 2i + ar 2 Z2 + • • • + OT^Zn) = V. 
TO 

For all values of s 4 s 1 (mod n), we have from (25) 



- (ar s 2i + oT 2s z 2 + f- uT^Zm) = a s r* + a n+s r n+s + ■ • ■ ; 

TO 

for all other values of s the left members of (25) vanish. Applying the 
method of Section 5, we have 

z t = <pi(coV), 
where 

oo m— 1 

Vi(f) = '+EE a {vm+k)n+ ir^ + ^ + \ (40) 

Hence h is defined by 

s = <pi(r), h(z) = <pi(wr), of 1 = «, e" = 1. 
Hence the most general solution for g m = f where /" = 1 is given by 
g = (p~ x h(p = <p - Vio>£>rV-t 

* This is a very special case of the more general problem, the solution of which is 
equivalent to finding an n-section of a curvilinear angle in the sense employed by Kasner 
as an extension of the idea of symmetry and corresponding bisection due to Schwarz. 
See G. A. Pfeiffer, "On the Conformal Geometry of Analytic Arcs," Amer. Jour. Math., 
XXXVII, 4 (1915). 

t A less specific form may be obtained more directly. Suppose g in form X _1 wX. 
Then X _1 eX = / = <p _1 e*>, whence <pX -1 e = «(pX _1 . Putting m for *>X _1 we have ix(ez) = en(z); 
hence ju must be of the form n(z) = z0(z n ). Hence if <p is given we may choose X = m -1 ^ 
jn g = X _1 wX = <p~V'»>M -1 ¥' as the most general solution of g m = f. By Theorem V it is 
evident that there is a sufficient number of arbitrary constants, though not indicated in 
the very explicit form (40). 
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We may similarly write down the general solution of the functional 
equation 

Z+fOi)+Mz)+ ■ ■ ■ + fn-l& = 0. 

We observe that if 1 +/+ • • • +/ n_1 = 0, then f n - 1 = and / is a 
periodic function. The converse is not necessarily the case, as is readily 
verified in the special case 

/(z) = €2 + ez 2 + ez 3 + • • • ; e 3 = 1, 

which satisfies / 3 = 1 but not 1 + / + p = 0. 

We note that the left member of the last of equations (25) vanishes 
according to this condition. The general solution is then at once written 
in the form 

z = (Pi(r), f(z) = <pi{er), 
where 

*2(a) =z+EE a !m+s+1 z kn+s+1 . (41) 

le= U s = l 

Similarly, the general solutions are obtained for equations formed by 
equating any of the left members of (25) to zero. A similar result may be 
obtained when the condition (yielding n — 1 similar conditions) is a 
linear relation obtained by eliminating s — 1 z's after equating s of these 
expressions to zero. 

It may be shown that, corresponding to every periodic function /, 
where /„ = 1, there are others F, for which, symbolically, 

1 + F + F 2 + H F"- 1 = 0.* 



* Instead of the substitution (8), ,we may effect the substitution a 4 = £<=i a*, m 
(k = 1, 2, • • •, «), where the a's form a set of orthogonal numbers. We shall for con- 
venience write a p , n+q = a p+ „, a = a p , a , and choose at, „ = 1/Vn (fc = 1, 2, •••, n). 
The last requires £™=i a., r = (r = 1, 2, • • •, n — 1). 

We have then n equations in n u's. Each n — 1 of these determine all u'a in terms of 
«i: u* = 9k(ui), k = 2, 3, •••, n. Further, the functions so determined are unique. 
We now introduce the further substitution u k = £"z{ /3t, ( v ( , u n = v n (k = 1, 2, • • -,n — 1), 
where ft, < = ££=1 ap, s<xj>+i, <• It is readily verified that the (n — l) 2 quantities /S form a 
set of orthogonal numbers. 

We now have 

n n—\ / n—i 

Zk = "52 CCk, Mi = CCk, n"n + X) ( a *. < 2 #<. «"» 

1=1 <=i \ .=i 

n— 1 / n— 1 

= a* + l, n«n + X! ( Us £ <**• <£'. 
s=l \ (=1 

n— 1 r n I n—\ 

= E s '(~^E a »+i. ■ + «w, » ) + "'+ 1 . »"" 

— 2J a *+i. st '»- 



Langman: Conformal Transformations of Period n. 



65 



Factorization; Groups of Periodic Transformations. 
10. Kasner has considered the question whether any given transforma- 
tion may be factored into two transformations each of period 2. In other 

Hence Zk is the same function of the v's as Zk+i is of the corresponding m's. But the latter 
are uniquely determined by any set of n — 1 equations. Hence the relations among the 
v's are the same as those among the corresponding u's. Hence the ^-functions remain 
unchanged under transformations of the form Uk -* E?=i 0*. < w <> m„ -*- m„ (fc = 1,2, • • • , 
n- 1). 

Putting F(mi) = E&=i 0i, t 0*(Mi), we have 6 k lF{u l )'] = E£=! i 8 *. p^pM- We have 
then 



n— 1 

ft(u,) = E 

7f=l 


n~-l "| «.— i r n— 1 
01. tlft, „Mmi) = E "p(«i) E* 3 


i, «S*, p 


= e 

2>=1 

»-i 

= e 

p=l 


0p(ui) 52 I (52 «», i«»+i, * ) ( E <*«. *"«+!. ?> ) 

1 n / n-l .\" 

p (mi) E I a «. i a <+i. p E "«+'. *"'. * ) 

s,( = l\ 7e=l / 



n-lT f « / n-l \ " / " _1 M 

= E 02>( M O< E ( <*». itts + 2 . » E " 2 s+i .* ) + E ( a ». i a «+i. v E a «+t. »<*<.* ) f 

y=lL l« = l \ *=1 I «,<=1\ *=1 /J 

« + !+' 



e[^(VJ>- 



l«sf2, p 



-- Z ««. i«'+i 






n-l 

= E 

y=i 


0p(Ml) < E a '. !"«+ 


n— 1 

= E 

y=l 


"~ n 

6 p {ui) E <*». i«»+2 
«=i 



>. »> - - ( E «« 



-)] 



-1 n-l 

P \— E a ». 2 5 »( Ml 
J y=i 



if we introduce a-?, 8 = E«=i a >. i<*»+«, j>. 
Similarly, we obtain 

n— 1 
F m (Ui) = E a P, m8p(M\). 
p=l 

We have then 



n-l 

«i + E 



1 n-ir n-l "I n_ir n-l/ n \ "I 

) F„(tti) = Ml + E 0J>( M O E °»'.« = "I + E *»( M l) E ( E "«. !"<+•. H ) 

i P =i[_ «=i j *=i|_ .=i\«=i j\ 

■) 

{n / n \ n "| 

^ S «l, l«<+s, 3> ) — E a ', l a '. S> f 
S=1\<=1 / <=1 J 



n— 1 / n \ 

= Ml + Ml e ( E "<• l a «+«. 1 ) 
»=1 V (=1 / 



n-l 

+ E 

F=2 



Ml — Mi E « 2 '. 1 = 0- 



The last result also follows from the relation F m (u{) = 52't~i a ', i 2 «+m, readily deduced. 
In a similar way, we may also obtain 

n— 1 / n \ 

6k (m) (ui) = E ( M < E a p. *«!>+•». « I- 

<=1\ y=l / 

where 

<V""(mi) = e^-'lFiud], 0'kM = k (ui), 
yielding 

E ^ <m) (Mi) = o, 



from which the previous result also follows. 
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words, given F, can / and g be found such that, symbolically, 

F=gf; f=l, g*=U 

We may generalize this inquiry as follows: Given F(z), can/(z) and g(z) 
be obtained where, with the notation (2), 

*"(*) = £/(«)]; /»(*) = *, 9»(z) = *? (42) 

We shall assume these functions to be defined as follows : 

F(z) = K lZ + K 2 z 2 + K 3 z* + ■•■; 

f(z) = e lZ + X 2 2 2 + X 3 s 3 + • • •, ef = 1; (43) 

g(z) = e 2 z + M2Z 2 + Msz 3 + • • ■ , €^=1. 

We shall assume here that ei and e 2 are primitive roots of unity of orders 
m and n, respectively. It is to be observed that all the coefficients X and 
ju in (43) may be taken arbitrarily, consistent with conditions (32). For 
our purpose, we shall inquire more minutely as to the form of these con- 
ditions. 

11. From (29') and (27) we have the identity 



«ir + (ela 2 r> + • • ■ + efa m r m ) + (ela m+2 r m+2 + ■■■ + eTa 2m r 2m ) + ■■■ 

= ei[r + (a 2 r 2 -\ \- a m r m ) + ( am+2 r m+2 -\ \- a 2m r 2m ) -\ J 

+ X 2 [r + (a 2 r 2 + ■■■ + a m r m ) + (a m+2 r™+ 2 + • • • + a 2m r 2m ) + ■ ■ -J 
+ X 3 [ ] 3 +---. 

On equating coefficients these yield 



(44) 



X 2 = (el — €i)a 2 , X 3 = (el — e x )a 3 — 2(e\ — ejaj, etc.; 
X 2 X3 . 2X2 

e?^Tx ' a " ~ eT^Ti + (ef - e x )(e\ - e,) 



a 2 = -2 > a 3 = -3 1- — 5 — \ , etc. (45) 



Similarly, we obtain corresponding relations for the coefficients /x. Equat- 
ing the coefficients of z pm+1 in (44), and using the set (45), we readily obtain 
for (32) 

. _ 2ei — pm del — (pm — 1) 

Kpm+l 5 A 2 A pm -] 5 A3Ap TO _i 

«i — «i ei — €1 

2(e? + ei - l)(pm - 1) - 2e 2 l (2e 1 - 1) (46) 

j ~ j(ei + l)(pm ~ l)(pm - 2) a2a 

1 7 j . x , 2 y> A2A pTO _l 

(ei+ l)(e, - €i) 2 
4- (lower orders of X), 

and similar relations for ju sn+ i. The form (46) presupposes m > 2. 
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12. The condition F = fg yields the identity 

Kiz + X 2 2 2 + K z z* + ■ ■ ■ = e 2 (ei2 + X 2 2 2 + X 3 2 3 + • • • ) 

+ M2(ex2 + X 2 2 2 + X 3 2 3 + •••) 2 
+ M3 (ei2 + X22 2 + X32 3 + ..•)• 
+ • • (47) 

If, consistent with conditions (46), and the corresponding ones for the 
coefficients ju, the X's and n's can be chosen so as to satisfy (47) identically, 
then F(z) can be factored into two periodic transformations of orders m 
and n respectively. From (47), we have as a necessary condition 

Kl = 6!6 2 . (48) 

Hence Ki must be a root of unity. Equating coefficients of higher powers, 
K 2 = €2X2 + fa, (49) 

K s = e 2 X 3 + 2eiX 2 M2 + e?M3, (50) 

Ki = €2X4 + (2eiX, + X|)/x 2 + 3e?X 2 M3 + fa, (51) 

Ki = e 2 X 5 + (2e!X 4 + 2X 2 X 3 )M2 + (3efX 3 + 3eiXj)/is + 4« S X 2 M4 + fa, (52) 

etc. The question now is, assuming (48) to be satisfied, can the X's and 
/x's always be chosen without involving necessary conditions among the 
K's or the indices m and ra? Equating the coefficients of z\ s (_1 , s' -2 , we 
obtain 

K t = [e 2 X* + fa] + [2e lM2 X ( _i + e\-\t - l)X 2 /x ( -i] 
+ [2X 2 /x 2 + 3€^s]X(_ 2 

1 T t-z« «m jl '-4 (*~2)(*-3) 1 
+ e[ 3 (t - 2)X 3 + d -4 g ^2 M-2 

+ Qower orders of X and ju], 

Kt-i = [e 2 X ( _i + e'rV*-i] + [2e 1 /x 2 X ( _ 2 + e|-»(* - 2)X 2 /X(_ 2 ] 

+ Qower orders of X and ju], (54) 

Kt-2 = [€2X(_ 2 + epVf-J + [lower orders of X and /x]- (55) 

The entire set of conditions obtained are necessary and sufficient for 
factorization. We observe that for each coefficient K t in these equations 
two new quantities X ( and fx t are introduced, which may be taken arbitrarily 
except for periodic orders of these coefficients. Further, the new quantities 
introduced appear with non-zero coefficients. If either X ( or /x ( is inde- 
pendent, the condition involving K t can then be satisfied. Hence, the only 
way for a necessary condition to obtain among the coefficients K is for both 



(53) 
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the coefficients X« and ix t to be conditioned in terms of coefficients of lower 
order in the form (46). Hence t must be of the forms both pm + 1 and 
sn + 1. We may write 

t = pm +l = 5/i+l- (56) 

Hence X ( and fx t in (53) are not independent. These are then to be replaced 
by the equivalent expressions in terms of X's and ^'s of lower order, from 
the form (46). Hence a necessary condition for obtaining a necessary 
condition among the coefficients K is that it be possible to eliminate 
simultaneously the coefficients X<_i and nt-i from the expressions for K t 
and K t -i in terms of these coefficients and those of lower order. Using 
(56), the condition for this is 

2 \ 2 + 2ei/X2 = e 2 \ % M2 + «i (< — 1)X 2 

which may be written 

^-3)r ? ^7- e -^- 7 i=o. 

|_€, — «1 € 2 — € 2 J 



(57) 



The case i = 3 requires m = w = 2, already considered by Kasner.* We 
may then confine our attention to the condition 

(el - «2)X 2 - (e* - ei) M2 = 0, (58) 

and choose t > 3. If X 2 and ^ 2 can be so chosen as not to satisfy (58), then 
no necessary condition is required among the K's. The only condition 
upon these is given by (49). Eliminating fx 2 , we have 

K 2 = -^- ( ei e 2 - 1)X 2 . (59) 

Here if 2 is assigned and X 2 completely arbitrary. Hence we may choose 
X 2 so that (59) is not satisfied unless 

K 2 = and €ie 2 -1 = 0. (60) 

The latter condition requires Ki = 1. Hence we have the result 

If K\9^ 1, <Ae transformation F(z) = K\z + • • • can always be factored 

into two transformations of order m and n, the orders being so chosen that 

Ki = €i€ 2 , where ei and e 2 are primitive roots of unity of order m and n 

respectively. 

13. Suppose now that K\ = €ie 2 = 1. Then we must have 

m = n, (61) 

* In this case, ei = a = — 1, (45) yield X 3 = - X|, Ms = - m 2 » and (49) and (50) 
give K z — K 2 = as a necessary condition, (48) requiring K i = 1. Cf. Kasner, loc. cit. 



Langman: Conformal Transformations of Period n. 69 

since a and e 2 are primitive roots. Taking further K 2 = 0, we have 

JU2 = - €iX 2 . (62) 

If we now write (46) and the corresponding expression in jit's in the form 

Xpm+l = J X 2 X pOT -\~ A^iXprn—i + .oXsXpm—l 

€i 6i 

+ Qower orders of X], (63) 

Vsn+l = ~i M2Msra + C/J.3^sn-1 + D/J. 2 Hsn-l 

6 2 — € 2 

+ Qower orders of n~}, 

and eliminate X ( _i and nt-i from equations (53) and (54), we have, on using 
(56), (60), (61) and (62), 

Kt + 1 \ 2 K t -i 

= L^Xs + €2-BX^ - 2e 2 : X 2 ! + 36? M 3 - ^ ~ 3) \{\\t-, 

L 6, - 6! j (64) 

+ 1 eiC/x, + eJDXJ + el (* - 2)X, 

6 |(f- 2)0-3) 1 
Xi + «; - e x J' 

+ power orders of X and ftj. 

Equation (55) becomes 

Kt-2 = C € 2X ( -2 + Wi-i] + power orders of X and iT\- (65) 



, 0-2)0-3) ... - vv „ .„. 
+ e 2 ^ x * + :i — : Im*-2 



The form of (64) presupposes t > 5. For the moment we shall assume this 
satisfied. Here X«_2 and ju ( _ 2 in (64) and (65) can be so chosen as to satisfy 
both, unless the determinant of these coefficients vanishes. The condition 
for this becomes 

le 2 A - et(t - 2)]X 3 + [36? - eiC>a + 2< f "/ - XS = 0. 

Here X 2 is independent and the only condition upon X3 and fi 3 is (50) 
Eliminating /u 3 we obtain 

LX 3 + M\ 2 2 + NK 3 = 0, (66) 

where L, M and N are rational expressions in t and e 2 . We have 



f- 5 
el - 1 



iV= €2 ^-^^0. 



In (66), X 2 and X 3 are completely independent. Hence these may be chosen 



(68) 
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so as not to satisfy (66), unless 

L = M = (67) 

identically, and K 3 = 0. On substituting their values for A and C, we 
find these conditions fulfilled. Hence if K\ = 1, and K^ = K 3 = 0, we 
must resort to further analysis. 

14. For this purpose we return to the identity (44). If t be even, we 
may write the general condition in the form 

e\a t = eia t + \ t 

+ X 2 M ( _i + X ( _iilf 2 
+ ...... . 

+ Xh-i-W*-* + \t-*Mi+i 
+ 

+ "kt/lM ( t /2)+l + X(j/2)+lM«/ 2 , 

where 

M t -k = (k + l)a t -k + (polynomial in lower orders of a). (69) 

If t be odd, we have the form 

e[a t = eiflj + X« 

+ X 2 iW*_i + X,_iM 2 

+ 

+ Xn-iJf *-* + \t-kM k+l (70) 

+ 

+ X((_1)/ 2 M («+3)/2 + X(( + 3)/ 2 Jf ( ( _l)/2 
+ X(( + l)/ 2 M(( + ])/2. 

From (45), we have a 2 and a 3 expressed in terms of the corresponding 
X's. Substituting in (69) for t = 4, we have a 4 in terms of X's. Using 
(68) and (70), we finally have all a's that appear in (44) expressed in the 
forms (68) and (70) where the M's are expressed in X's in the form 

k + 1 
Mt-k = -7—1 X(_fc + (polynomial in lower orders of X), 

€i — €1 

t-k . . (71) 

Mk+i = -erf Xft+i + (polynomial in lower orders of X). 

If < — k = 1 (mod m), the first term indicated in (71) is of course absent. 
The highest order of X that multiplies \t-k is X*+i, and occurs only in the 
products \k+iMt-k and \ t -kM k+1 . If t— k> (t+ l)/2, then \ t -k occurs 
only to the first power in (68) or (70). The coefficient of \ t -k is 

I — + -r- ) Xi + i + (polynomial in lower orders of X) . 

\e, * — ei ei +1 — a J 
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If now we take (-1 a multiple of m, we obtain from (68), if t be even, 

X, = iV 2 X<_i + iV 3 X 4 _ 2 + h N k+1 \^ k + h N tn \ m+1 

+ (polynomial in lower orders of X), 
and from (70), if t be odd, 

\t = iV 2 X 4 _i + iV 3 X*_ 2 + h N k+1 \ t -k + h |iV ((+1)/2 X ((+1)/2 

+ (polynomial in lower orders of X), 
where > 

Nk+i = k+1 _ Xj+i + (polynomial in lower orders of X). (74) 

If k = (mod m), then the term of order k + 1 in (74) is missing. If 
t = m + 1, every term is present. The relations (72) and (73) are simply 
more explicit forms of the necessary conditions (32).. In similar fashion, 
we may now write out the corresponding expressions in the n's, thus obtain- 
ing the necessary relations among the coefficients of/ and g in (43). 

15. We shall now write (53) in a form corresponding to (72) and (73), 
and then apply once more the method of Sections 12 and 13. Referring to 
the identity (47) we may write, if t is even, 

Kt = «2X« + e\nt 

+ Pt, 2X«_1 + Q t> 2M(-1 

+ 

+ Pt, k+lXt-k + Qt, k+lHt-k (75) 

+ 

+ Pt, «/2X((/2)+l + Qt, </2M((/2)+l 

+ (polynomial in X's and n's of orders < (t/2) + 1), 
and if t is odd, 

K t = e 2 X< + e\n t 

+ P t , 2 X ( _i + Q t , 2AK-1 

+ 

+ P t , k+iXt-k + Qt, k+int-k (76) 

+ 

+ Pt, (*-l)/2X(( + 3)/ 2 + Qt, («-l)/2M(H-3)/2 + Qt, (M-l)/2M((+l)/2 

+ (polynomial in X's and /x's of orders < (t + l)/2), 
where 

Pt, k+i = (k + 1)6^4+1 + (lower orders of X and /*) (77) 

and 

Qt,k+i= (t~ k)€ t r k - 1 \ k+1 + (lower orders of X). (78) 

All X's and n's in (75) and (76) are independent except those of order 
pm + 1 or sn + 1. We now examine the cases determined by (56), (60), 
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(61), and (62). In that event X ( and /*< in (75) and (76) must be replaced 
by the equivalent expressions of the form (72) or (73). If t = n + 1, 
then all the remaining X's and n's in (75) or (76) are independent. The 
coefficient of X ft+ i in (78) becomes (t — k)er k , or (t — k)e\. 

Substituting for X« and ix t in (75) their equivalent expressions, we have 
for t even 

K t = Eikt-i + FiHt-i 

+ • • 

+ Ek+lkt-k + Fk+lVt-k /ITQ\ 

+ E t l2K(tl2)+l + E t l2fHtl2)+l 

+ (polynomial in X's and jm's of orders < (t/2) + 1), 

and from (76) for t odd 

Kt — EiKtr-i + Fiixt-\ 

+ • • • 

+ Eic + {ht-k + Fk+iHt-k 

+ • • • 

+ E( t -l)/2\(t+3)l2 + ■f , (*-l)/2M(H-3)/2 (80) 

+ ( ^ -A 7 '(« + i)/2X( (+ l)/2 + Q«, («+l)/2M((+l)/2 + n" ^(H-D/2M(«+l)/2 J 

+ (polynomial in X's and fi's of orders < (f + l)/2), 
where 

-Eft+i = P«, «:+i + e 2 iVfc + i; i^+i = Q(, &+i + €1^+1, (81) 

where T is the expression in n's corresponding to N in (74), and has the form 

y jfc+1 = e ^ k + 1) ~ ( f _ fe ) w+1 + (polynomial in lower orders of /*) . (82) 
ej — €2 

16. From the form of (75) and (76) we may write 
K t -i = e 2 X ( _i + fi,t-i 

+ jf«— 1, 2X(_2 + Q(-l, 2M«— 2 /oo\ 

"T" -P«— 1, 3X(_3 + Qt— 1, 3M<— 3 
+ , 

and similar expressions for the lower orders of K. 

Comparing (83) with (79) or (80), we observe that K t may be taken 
independent of the lower orders of K unless 



Ei Fi 

€2 1 



= (84) 
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identically. As already seen, this reduces to (57), involving (60), (61) and 
(62). Assuming (84) satisfied, and eliminating ~K t -i and n^-i from the 
expressions for K t and K t -i, the eliminant and the expression for K t -2 
can always be satisfied by a proper choice of the X's and ^'s involved unless 
X«_2 and (U(_2 can be eliminated simultaneously. This obviously requires 
that the coefficients of \ t -i, fj, t -i, X«-2, and nt-2 in the expressions for K t , 
if i_i and K «_2 shall be linearly dependent. The condition for this is that 
all 3-rowed determinants of the matrix 



^3 
Qt-1, 2 



(85) 



E% F2 Ez 

«2 1 Pt— 1, 2 

e 2 ef 1 

vanish. 

Assuming (84) satisfied, the second column of (85) may be replaced by 

0's, leaving but one determinant for consideration. Since E 3 and F 3 are 

the only expressions containing X's and /x's of order 3, we have as a necessary 

condition, on expanding according to the minors of the elements of the 

first column and using (62), 

e^Ez — 62/3 + (polynomial in X2) = 0, 

the X-polynomial being in fact \\ multiplied by a constant. Using (74), 
(82), (77), (78) and (81), this reduces to 



*- 5 



1 



el 



(^2X3 + e?ju 3 ) + (polynomial in X 2 ) = 0. 



(86) 



Here X2 is completely independent and X 3 and nz restricted only by the 
relation (50). Assuming for the moment that t 9^ 5, and using (50), the 
last equation becomes 

K 3 + (polynomial in X2) = 0. (87) 

Here Kz is assigned. Hence X 2 may be so chosen that (88) is not satisfied, 
unless Kz = and the polynomial in X2 in (87) vanishes identically. Both 
of these conditions are necessary if there is to be a necessary relation 
among the K's. In Section 13 we found that the polynomial of (87) does 
vanish identically. 

17. Assuming now K% = K 3 = 0, and following the same reasoning, 
X«_i, X(_ 2 , X ( _3 and the corresponding fi's may be chosen so that the condi- 
tions for K t , Kt-i, Ktr-i and K t -z are all satisfied unless the coefficients of 
the X's and fi's in these expressions are linearly dependent. As before, 
the condition for this is that the matrix 



(88) 



Ei 


F, 


Ez 


Fz 


Ei 


P4 


«2 


1 


■Pi— 1, 2 


Qt-i, 2 


■P«-i, 3 


Qt-i, 3 








«2 


T 1 


■Pi— 2, 2 


Qt-2, 2 














«2 


<r 2 



74 
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be of rank < 4. Since in (84) and (85) the last columns are linearly 
expressible in terms of the previous columns, we may replace columns 2 and 
4 in (88) by O's, leaving but one 4-rowed determinant for consideration. 
In (88), Ei and F i are the only elements involving X's and n's of order 4. 
Expanding in terms of the determinants of the last two columns, and 
replacing /x 2 and m by their equivalent expressions in X by putting 
K 2 = K 3 = in (49) and (50), 



+ (polynomial in X's of order < 4) = 0. 



•>, 


E 4 


F*\ 


e 2 








t 2 


*ri 



This reduces to 
*- 7 



e?-l 



(e 2 X 4 + «iM<0 + (polynomial in X's of order < 4) = 0. (89) 



If t ?£ 7, this becomes, on using (51), 

Ki + (polynomial in X's of order < 4) = 0. (90) 

As before, the X's can be chosen so that (90) is not satisfied, unless i£ 4 = 
and the X-polynomial vanishes identically. If K t = 0, (51) gives fn also 
in terms of X's. 

Suppose now that the condition that K t depend for its value on K's of 
lower order requires 

K 2 = K 3 = K, = • • • = K k = 0. (91) 

These determine /jl 2 , Hz, ■ • •, i*k as polynomials in X's of corresponding and 
lower orders. Continuing as before, we find as another necessary condition 
that the matrix 



(92) 



E 2 


F 2 


Ez 


^3 


• • Ek+i 


Ek+i 


«2 


1 


Pt-l, 2 


Qt-1, 2 


Pt-i, k 


Qt-i, k 








«2 


eT 1 


Pt—2, k-1 


Qt-2, k—1 








.0 





' ' Pt-3, k—2 


Qt-3, k—2 











62 



«1 



l-/o 



be of rank < k + 1. As before, every second column except the last may 
be replaced by O's, leaving but a single (k + l)-rowed determinant for 
consideration. Expanding according to the elements of the last two 
columns we obtain 



6*- 1 



Ek+i Fk+i 

which reduces to 
t-2k-l 



+ (polynomial in X's of order < k + 1) = 0, 



- 1 



(€2X4-1-1 + e'l+Vi+i) + (polynomial in X's of order < k + 1) = 0, 



or 
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t-2k-l 



e'i-1 



Kk+i + (polynomial in X's of order < k + 1) = 0. (93) 



18. We shall now first restrict ourselves to the case t = n + 1. Hence 
all the terms indicated in (74) and (82) are present, and all X's and n's 
in (75) or (76), except X ( and /j, t , are independent. We shall find it conve- 
nient to consider two cases, according as t is even or odd. 

We shall first consider t even. Then t 9^ 2k + 1 in any case. From 
the form of (79), we may continue the method of the previous sections 
up to the case k = t/2. Hence, if the condition K 2 = K$ = • • • = K k = 
has been shown necessary, we obtain from (93) the condition K k +\ = and 
the further condition that the polynomial in X vanish identically. Hence 
we have as a necessary condition that K t be conditioned in terms of lower 
orders of K 

K 2 = K 3 = ■■■ = Km = 0. (94) 

If the polynomials indicated in (87) and (90) and that resulting from (93) 
do not vanish, then of course all K's are independent. However, we shall 
presently show by an indirect method that they all vanish identically. 
From (94) and the relations of Section 12, we have all fi's up to order t/2 
determined as polynomials in X's of corresponding and lower orders. 

Conditions (94) and the vanishing of the polynomials considered above 
suffice for the elimination of the X's and n's of orders (t/2) + 1 to t — 1 
from the expressions for K t , K t -i, •••, K( t ii)+i. From the method of 
procedure in Section 13 we observe that, if we eliminate X ( _i and y. t -i from 
between K t and K t -j and then X*_2 and nt-2 from between the result and 
Kt-2, etc., the result of the entire elimination of X's and /t's of orders t — 1 
down to order (t/2) + 1 takes the form 

K t + F 2 X ( _i + HzKt-2 + ■■■ + H tl2 K\ tl2)+1 = P(X), (95) 

where P(X) is a polynomial in X's of order < (t/2) + 1. It is also clear 
that no X of order > t/2 appears in the left member of (95). From the form 
of (79), (83), etc., we observe that the highest orders of X and /x in the 
coefficients E and F following X(_i and n t -i are not affected by the elimina- 
tion of these variables; that those following X«_2 and ix t - 2 are not affected 
by the next elimination, etc. In other words, the term of highest order in 
Hk+i in (95) is ei times the corresponding term in the coefficient of \ t -k 
in (79). In other words, 

t — 2k — 1 
Hk+i = — t+i ^*+i + (polynomial in X's of lower order). (96) 
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The coefficient of Xj+i in (96) is, furthermore, not zero. In the left member 
of (95), X«/2 occurs only in H t /2- If it occurs in P(X), it is multiplied by 
some variable X. Hence if K( t H)+i 9^ 0, the X's of order < t/2 may be 
assigned arbitrarily and X</2 assigned a value to satisfy (95) for all values 
of the K's. Hence for a necessary relation to obtain among the K's, we 
must have K( t n)+\ = 0. Similarly, we must have K^n)+2 = 0, etc. 
Hence the only way in which a necessary condition must subsist among the 
K's is to have 

K(tl2)+l = K(tl2)+2 = • • • = Kt-1 = 0. 

If, now, P(X) in (95) vanish identically, the necessary resulting condition 

would be 

K t = 0. (97) 

Hence, if t is even and = n + 1, the only condition that may be required 
among the K's is to have Kt = 0, and this can result only if 

K 2 = K s = • • • = K^ = 0, 

and P(X) vanish identically. 

These are, furthermore, sufficient conditions if the polynomials resulting 
from (93) also vanish identically. If the procedure be followed out in 
detail for t = 4, we obtain (95) in the form 

K± + -^- K s = 0. (98) 

€1—1 

For the case t = 6 we obtain, without any essential difficulty, 

K 6 + -^- K b + ["-^4 X 3 + , 24 % + 2 2) ^ Xil g 4 = 0. (99) 

«i - «i L«i — i («i - i)(«i - 1) J 

19. Suppose now that t is odd. The method of Section 17 can be applied 
so long as t remains > 2k + 1- Hence we obtain as necessary conditions 
for dependence among the K's 

K 2 = Kz = • • • = X (( _i)/2 = 0. 

Also, from the preceding discussion, the elimination of K's of all orders 
down to K( t +3)/2 does not affect the leading terms of order (t + l)/2 in (80). 
Evaluating the corresponding expressions in (80), 

— iV(n_i)/2X((+l)/2 + Qt, (tf l)/2M«+l)/2 + o" ?Wi)/2At(H-D/2 

= — -r-~ (e 2 X(H-i)/2 — eiM(«+i)/2) 2 + X((+i)/2 (lower orders) (100) 

+ M(H-«/2 (lower orders). 
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From the form of (75) and (76), 

-K"((+l)/2 = «2X«+D/2 — «lM(*+l)/2 C101") 

+ (polynomial in X's and ix's of orders < (£ + l)/2). 

Hence the result of the elimination of K's down to order (t + 3)/2 takes 
the form 

Kt + HiKt-l + - • • + H(t-l)l2K( H 3)/2 7 -K(<+l)/2 

~ X((+D/2 (lower orders) + ju«+d/2 (lower orders) (102) 

+ (polynomial in X's and ix's of orders < (t + l)/2). 

Here X(« + i)/ 2 and ju«+d/2 are not independent, being connected by (101). 
The question now arises, can these variables be eliminated from between 
(102) and (101)? For this purpose we have to evaluate the coefficients of 
X( (+ i)/2 and fm+D/2 in (102). 

20. We shall, for convenience, introduce 

e = t -^> (103) 

whence 

t=2e-l; ef- 1 = el' 1 = - 1. (104) 

We shall now trace back all products of the form \ek e -i, X e M e _i, MeXe-i, 
HeHe-i, occurring in the process of obtaining (102). In the following, all 
expressions involving such products will be included. 
From (44), we have the general form 

e l a t = ea t + X ( 

+ X 2 [2a ( _i + • • • + 2a e _ia e+] ] 

+ 

+ \e_iQe — l)a c +i + (e — l)(e — 2)a 2 a e + (lower orders)]] 
+ \ e \ja e + e(e — l)a 2 a e _i + (lower orders)] 
+ \ e +i£(e + l)a«_i + (lower orders)] 

+ 

+ X H [(* - l)a 2 ]. 



(105) 



From the general form (105) we also have 

(e (_1 — e)a t -i = X ( _i + ■ • • + X e -iH(e — l)a e + (lower orders)] 

+ \£ea e -\ + (lower orders)] + • • 

(e e+1 — e)a e+1 = X e +i + X 2 [2a e + (lower orders)] + • • • + \ e ea 2 ; (107) 

(e e — e)a e = X e + X 2 []2a,._i + (lower orders)] + • • • 

+ Xe_i(e — l)a 2 ; 



(106) 



(108) 



(€ e_1 — €)a e _i = X e _i + (lower orders). (109) 
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Formulas (105) and (107) presuppose t > 5. The case t = 5 will be con- 
sidered specially. 

Using (106), (107), (108), (109) and (45), we have from (105) 

\t = X 2 X(_1 TT 

\_e x — 1 €1(6! — 1) J 

+ • • • + Xe-xXe+l [ - + ; i ~V 1 (HO) 

\_ii ei(«i+ 1) J 
, ^2, Ui [2e (e - 1) 26(26!+!)- 4 1 
2ei L«i(«i- 1) «i(«i - 1) J 

We may now proceed to the corresponding expression for p ( . Since K e -i 
is presumed zero, 

= € 2 X(._i — He-i + (lower orders), 
whence 

jUe_i = e 2 X e -i + (lower orders of X). (HI) 

We may also write 

K e+1 = [e 2 X e+ i — ef/ie+i] — X 2 [2€^X e + «ju J + (lower orders X), (112) 

K e = [€ 2 X e — eijite] — (e + l)€|X 2 Xe-i + (lower orders X), (113). 



Kl = [e 2 X e — €iAtJ 2 — 2e\{e + l)X 2 X e _i[e 2 X e — em J 

+ (lower orders X). 
The expression for p ( becomes, since eie 2 = 1, 

Ml = x 2 ^[^- € f^ 1 --]+ ••• + X e _!X e+1 [ e - |L=^] 

,¥n (U T2e(e-_1) 2e(26 2 + 1) - 4 1 
+ yM e +6 2 X 2 Xe-^[ ei _ 1 ^71 ]+•••• 



(114) 



(115) 



21. Referring now to (47), we may write 

K t = [6 2 X S + e lM( ] + [- 2e 2 ; X 2 X i _i + e 2 (t - l)X 2Mi -i] + • ■ • 
- etX 2 [2X e _,Xe +•••]+••• 
+ /x e+1 [(e+l)6tX e _ 1 + •••] 
+ neteel-i-ke + e(e - l)e!- 2 X 2 X e _i + • • •] 
+ ix^il(e - l)e\-^ e+1 +(e-l)(e- 2K" 3 X 2 X« + •••]+•■•, 

which may be written 

K t = [e 2 X ( + eui,2 + X 2 [- 2e|X < _i + e 2 (t - l) M( -i] + • • • 

+ Xe-l[— 4(e — l)X e+] — 6i (« + l)Me+l] — e\ell e /^gx 

+ X 2 X e _i{X e [- 26^ - 4{e -Die- 2)] 

+ M<£— «2«(e — 1)]} + •••• 

The only other K involving like products is 

K,-! = [e 2 X ( _i + M( -i] + • • • + Xe-i[- el(e - 1)X. - eX J + • • • . (117) 
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Substituting now from (110) and (115) in (116), 

K t = — e 2 X 2 [e 2 A(-i + M(-i] + • • • 

€i — 1 

+ o t €2 ^ e — «iM J 2 + e ~ [«2X e+ i — e\ii e +i\ 

I €i -\- 1 

ei+l)] 



+ «ix 2 x e -i ■ 



e 2 /> 



f -s-^-: (- «? + 



€?-l 

L «i — i «i — i 



+ 5 



+ 



46! "I 

*! - 1 J 



+ 



From (118) and (117), we now have 



# < + — — $ X 2 #,_i = [orders < t - 1 and > e + 1] 

€l — 1 
+ K C e 2^« — 6ijU J 2 + ^- [€ 2 X c+ i — e 2 ,He+{\ 

. r 2 e? - 2^ - i „ 

«2Xe — e z J—— — e 

6?-lJ 

, r 2 6? + i ,46i I 



+ 62X2X6—1 



+ 
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(118) 



(119) 



We may observe that the right member of (119) is not affected by the 
elimination of any more X's and n's down to those of order e + 1. From 

(96), 



Hu-dii = r~7 + (lower orders of X). 

6l+l 



(120) 



In the process of obtaining (102) we have then, from the form (119) and 
(112), 



Kt + HzKt-l + • • • + ■ff((-l)/2-K((+3)/2 

= ~ C^Xe — 6ijit J 2 + [polynomial in X's of order < ej 



(121) 



62X2X6—1 



\j\t\ - 1) + (6? - 261 - 1)6 + 46ij6 2 X e - 6i M J. 
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From (121) and (114), 

K t + HiKt-i + • • • + H( t -i)/ 2 K( t+ 3)/2 j — Klt+i)/2 

t-S . (122) 

= €2 2 _ \2Xe-iCe2X,, — eijuj + (polynomial in X's of order < e). 

€ i 1 

Using (113), (122) may now be written 

K t + HiKt-i + • • • + H(t-ui2K(t+3)/2 — — r — Klt+i)n 

t-t T (123) 

— «2 ~2 7 X2X((-l)/2-K((+l)/2 = -P(X), 

€i — 1 

where P(X) is some polynomial in X's of order < (t + l)/2. Equation (123) 
corresponds to (102). For the special case t = 5, we obtain readily 

K h + (e, - DX2X4 - !#! - |X|X 3 = 0. (124) 

In (123), X(t_i)/2 occurs in the left member only in the coefficients of 
K(t+s)n and K^+dii- In the latter it occurs in product with the independent 
X 2 . Hence, reasoning as before, (123) can be made to hold for all K's, 
unless K(t+i)n — and K( t +z)/2 = 0. Similarly, we must require 

-K((+5)/2 = • • • = Kt-1 = 0. 

Only in that event, and if P(X) = identically, can we obtain the necessary 
condition K t = 0. 

We have seen that if Ki ^ 1 in (43), then F is always factorable as the 
product of two periodic transformations. If Ki = 1 and F is factorable, 
the periods of/ and g in (43) must be equal, giving m = n. We may now 
state the result 

If the transformation 

F(z) = 2 + Kiz 1 + K 3 z* + ... 

is to be factored into two transformations of period n, then the only condition 
that may be found necessary among the K's is of the form 

K sn+ i = linear expression in K's of lower order; 

if s is to = 1, the only way in which the condition can arise is to have 

Ki = Ki = • • • = K n = 0, 

in which event the condition is 

K n+ i = 0. 
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In other words, if F(z) takes the form 

Z+ K r Z r + •••, 

then F can always be factored into two transformations of period > r — 1. 
It should be remembered that we have not as yet shown that if the 
condition 

K 2 = Kz = • • • = K n = (125) 

holds, then K n +i = necessarily. In other words, we have to show that 
P(X) in (95) and (123) and the X-polynomiaJs resulting from (93) all vanish 
identically. We have besides to consider the more general case where 
t = sn + 1, s > 1. 

22. We shall consider the former question first. It should be observed 
that P(X) in (95) and (123), and the other X-polynomials we have presumed 
to vanish are independent of K n +i or any K of higher order. Hence, if it 
can be shown that the function 

y = Z + 3«+l; n > 2 (126) 

cannot be factored into two transformations of period n, then it would 
follow that P(X) = identically, and that the other X-polynomials vanish 
correspondingly. 

23. We have seen, Theorem V, that if in (36) 

Ax = 1, A kn+ i = 0; k = 1, 2, 3, • • •, 

then there is one and only one transformation (36) which will put (34) into 
the form (35). Suppose now that F in (43) takes the form (126) and we 
require / and g as defined in (43) to satisfy 

ffC/OO] = * + 2 " +1 - ( 127 ) 

As we have seen, we must have ei€ 2 = 1, and m = n. Furthermore, from 
(43) and (127) we observe, on writing out the detailed conditions on X's 
and ju's, that each coefficient jj, is determined uniquely as a polynomial in 
X's of corresponding and lower orders. Hence, for all orders < n + 1, 
the coefficients n have the same relations to the coefficients X as would be. 
obtained from (43) and the condition 

g£f(z)l = z. (128) 

This condition would require g = / _1 . Furthermore, there exists a unique 
function 

oo re— 1 

h(z) = z+EZ A an+r +iz m+r+1 (129) 

« = r = l 

such that, symbolically, 

/ = h-^h. (130) 
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From (130), / _1 = h~ l eY l h. Hence g(z) as determined by (12S) may be 
written 

g = h-^h. (131) 

The first n coefficients of g as determined by (131) are identical with the 
corresponding coefficients as determined by (127). Furthermore, since / 
and g in (127) are periodic functions of order n, the coefficients X n+ i and 
jtin+i are determined necessarily as polynomials of the coefficients of lower 
order. Furthermore, the conditions are identical with those arising from 
(130) and (131) for X re+ i and ju n+ i respectively. Hence the forms (130) 
and (131) for/ and g hold for coefficients X and n of all orders up to and 
inclusive of n-\- 1. Hence the product is valid for powers of the variable 
including the (n + l)th. But 

h- 1 e 1 h-h- 1 eY 1 h= 1. 
Hence, necessarily, 

g[f(*)l = z + (powers of z > n + 1) . (132) 

Obviously (132) is inconsistent with (127), but results necessarily from 
the assumption that Ki in (43) = 1, that / and g are of period n and that 
conditions (125) hold. 

Hence 2 + z n+1 cannot be factored into transformations of period n. 
Hence P(X) in (95) and (123) must = identically, and all the other condi- 
tions for a necessary relation among the K's must be satisfied identically. 
Hence 

If z + K n +iz n+1 + • • ■ is to be factored into two transformations of period 
n, we have as a necessary condition 

K„ + i = 0. 

24. Suppose now in the discussion preceding Section 18, we choose 
t = 2n + 1. Then t is odd. Furthermore, only the coefficients of X's 
and fi's of order n + 1 in (74), (82) and (76) will be affected. All coeffi- 
cients X and ju between the orders n + 1 and 2n + 1 remain independent. 
The method of Sections 17 and 19 then holds valid so long as 

k < > or Jc < n, 

yielding the necessary conditions 

K 2 = K 3 = • • • = K n = 0. 
From the previous section this requires in any case 

Kn+l — 0, 
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determining ix n +\ in terms of X's of corresponding and lower orders, hence 
in terms of X's of order < n + 1. The resulting relation among the K's 
becomes 

K 2n+1 + H 2 K 2n + ■■■ + HnKn+2 = P(k), (133) 

where P(X) is a polynomial in X's of order < n + 1, replacing X„ + i by its 
equivalent in terms of X's of lower order. Hence if 

K n +2 = K n +3 = • • • = K 2n = 0, 

and P(X) vanishes identically, we obtain the necessary condition 

K 2n+l = 0. (134) 

This presupposes, too, that the X-polynomials occurring in the process of 
obtaining (133) all vanish identically. Hence if 

K 2 = K, = • • • = K 2n = 0, (135) 

then Kin+\ = 0. 

Following identically the same reasoning as above we have for 
t = 3n + 1, if (135) hold true, 

K t + M<_! + • • • + H n K t - n+l = P(X), (136) 

where -P(X) is some polynomial in X's of order < t — n. Hence again, if 
P(X) = and K t - n+ i = • • • = Kt-i = 0, we must have K t = 0. 

The reasoning is clearly general, and we may put t = sn + 1 in (136). 

Hence if 

K 2 = K* = ■ ■ ■ = K m = 0, (137) 

we must have as a necessary condition 

K m+1 = 0. (138) 

Furthermore, we observe that the reasoning of Section 23 is general, 
and that if (137) hold true, then (138) must be satisfied. This is, further- 
more, the only way in which a necessary condition may be required among 
the coefficients K. 

We may now state the complete 

Theorem VI. If the transformation 

F{z) = K lZ + K 2 z 2 + ■■■ 
is to be factorable into two periodic transformations, we must have 

\Ki\ = 1, 

with a commensurable argument; if K\ ?± 1, the factorization is always 
possible, the period being so taken that Ki = the product of the leading coeffi- 
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dents of the factor transformations; if Ki = 1, the periods of the factor trans- 
formations, if they exist, must be equal; if Ki = 1, and K 2 7^- 0, then F(z) is 
always factorable into two transformations of arbitrary period > 2; if Ki = 1 
and 

K 2 = K 3 = ■■■ = K r = 0; K r+1 ^ 0, 

then F(z) can not be factored into transformations of order r or any factor of r, 
but can always be factored into transformations of any other order > 2. 
25. For example, if 

F(z) = 2 + 2 13 , 

F(z) cannot be factored into transformation of period 2* 3, 4, 6 or 12. 
It can, however, be factored into transformations of period 5, 7, 8, 9, 10, 
11, or any period > 12. On the other hand, 

F(z) = - 2 + 2 13 

can be factored as the product of transformations of any even period > 2. 

It may be observed, also, that in any case where factorization is possible, 
transformations with equal irreducible periods may be chosen. This is 
evident from the single restriction (48). 

All transformations 

F(z) = ez + K 2 z 2 + K z z* + ■■■; e» = 1. 

are factorable into periodic transformations and constitute a group, the 
group generated by all periodic transformations. The class denned by 
e = 1 constitutes a subgroup. The class denned by e = 1, K 2 = is a 
subgroup of the last. The class defined by e = 1, K 2 — K 3 = is a sub- 
group of the previous, and so on. In any of the previous cases, the class 
defined by e = 1, 

K 2 = K s = ■ ■ ■ = K r = and K r+l ^ 

constitutes a subgroup. The latter may be characterized by the index of 
the highest period of transformations (r) into which F(z) cannot be factored. 
It should be observed further that, though 

F(z) = 2 + ^ r+ i2 r+1 + • • • ; r > 2 (139) 

cannot be factored into two transformations of period r, it can always 
be factored into three transformations of period r. Further, (139) can 
always be factored into a rotation through a rational angle and two periodic 
transformations. The latter, too, can be taken of period r, by choosing 
the corresponding angle. 
* See Kasner, loc. cit. 
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Reverse Conformal Transformations (Conformal Symmetries). 

26. Kasner also considers another type of conformal transformation. 
This he calls the reverse or improper type of transformation, which he 
defines by 

y = /(*>), (140) 

where/ is non-singular at the origin and zo is the conjugate of the variable 2. 
He defines reverse transformations of period 2 as conformal symmetries 
since they are conformally reducible to the form y = z (conformally 
equivalent to Schwarzian reflection) and discusses them in parallel with 
what he terms the direct conformal transformations. 

We shall now show that no other types of reverse conformal trans- 
formations of regular period exist; in other words, every periodic reverse 
conformal transformation is of irreducible period 2, that is, a conformal 
symmetry. 

27. Denoting the transform of z,f(z ), by F(z), so that 

F(z) = /(zo), (141) 

we have 

Fi(z) =/[/(zo)]o, 

where the zero subscript denotes conjugate values. 
We now observe that, in general, 

(x + y) a = x + 2/o, (xy)o = x y , (z n )o = (20)", (az n ) = a z%, .^^ 
[/0)]o = /o(zo), (20)0 = z, C/(2 )]o = /o(2), 

where the coefficients of / are the conjugates of those of/. 
Hence 

F*(*) = /[/o(2)]- (143) 

Similarly, 

F 3 (z) = /{/[/o(2)]lo 

= /!/oL7o(2)]o} 

= /!/o[/(2o)]}. 

Hence we may write 

F 2k -i(z) = (//o)*- 1 /^), (144) 

F»(z) = (f/o)*(2). (145) 

28. We shall consider the case F 2 k-i(z) = 2 first. If / and/ be defined 



by 

/o(z) = biz + b 2 z 2 + 



/(z) = a^+ a 2 z 2 + •••, ^ 46 ^ 



we must have 

b r = I*!!, M = 1. (147) 

a T 
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Hence aibi = 1, and 

/LfoO)] = 2 + (higher powers). (148) 

Hence from (144) we would have 

ffliZo + (higher powers of z ) = 2, (149) 

for all values of z. On comparing coefficients of real and imaginary com- 
ponents of the variable z, the relation (149) is manifestly impossible. 
Hence, if 

F n (z) = z (150) 

identically, n must be even. 

29. Suppose now Fzu(z) is identically z in (145). Then 

(#>)*(*) = 2- (151) 

Here // is a definite transformation. Putting g(z) = ffo(z), we have then 
g a direct conformal transformation of period k, and we may write 

?(*) = //o(z) = est + X 2 z 2 + X 3 z 3 + • • • ; e* = 1. (152) 

But by (148) the leading coefficient of ff (z) is 1. Hence in (152) we must 
have e=l. Hence, by Theorem I, 

X 2 = X 3 = • • • = 0, 
and we have 

W = /[/o(z)] = z (153) 

necessarily. Hence in any case F is of period 2. Hence we may state 
Theorem VII. Every periodic reverse conformal transformation is of 
period 2; in other words, the only kind of periodic reverse conformal trans- 
formations are conformal symmetries. 

30. In his discussion of conformal symmetries, Kasner obtains the result 
that the transformation 

K lZ + K 2 z 2 + K^ + ■■■; \Ki\ = 1, (154) 

is always factorable into two symmetries if the angle of Ki is irrational. 
From the discussion in this paper, (154) is factorable into two direct 
periodic conformal transformations if the angle of Ki is rational. Hence 
we have 

Theorem VIII. The transformation 

Kiz + K 2 z 2 + K s z s + ■■■; \Kt\ = 1, 

is always factorable either into two conformal symmetries or into two direct 
periodic conformal transformations. 

It would seem also that, in general, a direct periodic conformal trans- 
formation is not factorable into two symmetries. 

New York City, 
August, 1920. 



